Introduction
Bimaterials are commonly found in both natural and artificial products. Examples include skin and tissue in biological bodies, painted metal in vehicle bodies, and thermal barrier coatings in gas turbine engines, among many others. Fracture on bimaterial interfaces remains a very important and challenging mechanics problem today.
Williams' pioneering work [1] discovered the oscillatory singularities in the elastic field around the crack tip on a bimaterial interface. Williams' work [1] is usually called the oscillatory model. Subsequently, work by Erdogan [2, 3] and Rice and Sih [4] verified the presence of these oscillatory singularities; however, England's work [5] showed that the oscillation is physically inadmissible since it causes the upper and lower surfaces of the crack to wrinkle and overlap near to the crack tip. Then, in a series of work by Comninou [6] [7] [8] , the inadmissible oscillatory singularities and the ensuing material interpenetration were eliminated by assuming a small frictionless contact zone near the crack tip. Comninou's work [6] [7] [8] is therefore usually called the contact model. Based on the contact model [6] [7] [8] , Gautesen and Dundurs [9, 10] and Gautesen [11] developed analytical theories for calculating physical quantities such as the contact zone size and the interface tractions.
It is now still an open question as to which model more closely represents the reality. Ref. [12] gives some detailed comparisons of near crack tip stress, contact zone size and oscillation zone size between the two models. Sun and Qian [12] and Rice [13] argue that the oscillatory model [1] does capture the essential stress state near the crack tip when the contact zone size is much smaller than the crack length. This may partially explain why the oscillatory model [1] appears to be more commonly accepted among researchers.
The oscillatory model, however, results in a complex stress intensity factor (SIF), various forms of which are given in Refs. [4, 12, 14] . This complex SIF gives rise to fundamental differences between cracks on bimaterial interfaces and interfacial cracks between similar materials (which possess a real SIF), and presents two major challenges that must be solved in order to obtain analytical solutions for I K and II K : (1) In the case of interfacial cracks between methodology, which is fundamentally different from the conventional ones. It has been shown that Wang and Harvey's Euler beam mixed-mode partition theory gives excellent fracture toughness predictions for delamination in generally laminated composite beams [29, 34] by using thorough and comprehensive experimental test data [36] [37] [38] [39] [40] [41] [42] [43] . In contrast, the 2D elasticity-based mixed-mode partition theory [33, 44] gives poor predictions. The very latest study [45] shows that for buckling driven delamination, the Euler beam mixed-mode partition theory also gives more accurate predictions of fracture toughness than the 2D elasticity-based partition theory does. This is because the brittle fracture propagation is governed by global ERR partitions.
Readers are referred to Refs. [29, 34] for detailed explanations. The finite fracture mechanics approach [46] is also helpful and complements the explanations. It is still unknown, however, whether the Euler beam mixed-mode partition theory governs brittle fracture in other loading conditions such as fatigue loading, thermal loading, etc. It is therefore still very necessary to develop mixed-mode partition theories based on 2D elasticity in order to provide a complete set of tools for the study of interfacial fractures between dissimilar materials and this is the motivation of the present work. ). The interfacial opening stress and shear stress ahead of the crack tip, n σ and s τ , can be expressed in a combined complex form as [20] (
Analytical development

Interfacial stresses ahead of the crack tip
or in individual real form as
where r is the radius coordinate centered on crack tip. The signs of n σ and s τ are positive in the
is the Young's modulus ratio.
Relative interfacial displacements behind the crack tip
Based on Refs. [12, 15] 
( ) 
The individual ERRs, I G and II G , can then be written as
where
The 
From Eq. (26) it is seen that when
produces a pure mode I K θ fracture. Also, from Eq. (26), when
produces a pure mode I K θ ′ fracture. The physical meanings of these two pure mode I modes are zero effective relative crack tip shear displacement and zero effective crack tip shear force respectively. When the bimaterial mismatch constant 0 ≠ ε , it is seen from Eqs. (2), (3), (5) and (6) that the variations of interfacial stresses and the relative interfacial displacements are out of phase by ξ . This causes
and leads to two pure mode I modes.
Similarly, from Eq. (25) it is seen that when
. The relationship,
, produces a pure mode II K β fracture. Also, from Eq. (25), when
. The relationship
produces a pure mode II K β ′ fracture. The physical meanings of these two pure mode II modes are zero effective crack tip opening force and zero effective crack tip relative opening displacement respectively. Generally,
and there are two pure mode II modes.
These four pure modes, K θ , K θ ′ , K β and K β ′ , form two sets of orthogonal pure modes. The first orthogonal set is ( )
, and the second orthogonal set is ( )
. Taking the ( )
as an example, here, orthogonal means that 27) where the square matrix is the coefficient matrix of the total ERR G , given in Eq. (11) .
. One important consequence of the existence of two sets of pure modes is that negative I G or II G can occur (similarly, so can (25) and (26) . Note that the total ERR G is still non-negative- (14) and (13), respectively, the pure modes are found to be
to physical symmetry, which become
It is now clear that the mechanical meaning of the coupling between the ERRs, I G and II G , and the SIFs, I K and II K , is the existence of two sets of orthogonal pure modes, ( )
. Based on this understanding and the partition given by Eqs. (25) and (26) 
gives the approximate pure mode I condition relationship,
The variation of K θ , K θ ′ and K θ with respect to a δ is shown in Fig. 2 
Eq. (5) shows that
It is seen that as long as the sign of n D is known, then the sign of ( )
will be determined in the next section. Similarly, from Eq. (36),
Eq. (6) shows that
. That is,
It is seen that as long as the sign of s D is known, then the sign of ( ) (40) 
This approximate pair of SIFs, I
K and II K , from Eqs. (43) and (44), should be used to guide the choice of the one admissible pair of SIFs, I K and II K , from Eqs. (21) to (24) .
It can now be concluded that the first challenge, stated in the Introduction, has been overcome. Now, in the following development, the aim is to overcome the second challenge.
Partitioning the ERR G using pure modes in terms of the crack tip loads
As seen earlier, the SIFs for rigid bimaterial interfaces being complex implies that the interfacial stresses ahead of the crack tip are out of phase with the relative interfacial displacements behind the crack tip. Therefore, two sets of orthogonal pure modes must exist.
Based on the authors' previous work [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] , the ERR partitions must be in the form, more detailed explanation will be given in Section 2.5.1. Also note the reversal of the sign in Eq.
(50), which is due to the different directions of s D in Fig. 1b and in Refs. [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . Eqs. (49) and (50) now allow the evaluation of n S and s S in Eqs. (39) and (42).
Determining the ERRs, I G and II G
It is seen either from Eq. (18), or from Eqs. (43) and (44) previous work [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] for mixed-mode partitions based on orthogonal pure modes. Once one pure mode has been found-by analytical, numerical or experimental means-the other pure modes can be determined analytically by using the orthogonality property between them. The ERRs, I G and II G , for a general loading condition can then be calculated by using these pure modes. Readers are referred to Refs. [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] for a detailed description of the methodology, which is also used here.
The methodology starts by considering the bimaterial DCB shown in θ must be a function of the thickness ratio γ , the modulus ratio η and Poisson's ratio ν . In many engineering contexts, the Poisson's ratios of the top and bottom layers, 1 ν and 2 ν , are close to each other [44] , that is, is assumed. Also it is worth nothing that in many of these cases 3 1 ≈ ν [44] although the assumption is not required in this work. Furthermore, since 2D-elastic bimaterial problems depend only on the two Dundurs parameters [44] , for a given modulus ratio η , a single equivalent Poisson's ratio for both layers combined can be found that gives the same values of the Dundurs parameters. It is anticipated that this will allow cases where 2 1 ν ν ≠ to be considered using theory presented in this paper. More details on this will be reported in a future paper by the authors. 
<
, then n D must be negative. A similar argument can be used for Eq. (50).
It now remains to find the non-uniform vertical shift S for 1 ≤ γ . The shift S is assumed to be in the following form:
The coefficients, ), which are required in Eqs. (47) and (48), are determined using the orthogonal methodology [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . The pure mode II (18) to (24) . The only mechanically admissible pair is chosen by using Eqs. (43) and (44) as a guide. The ERR partitions, I G and II G , for all crack extension sizes, a δ , can then be calculated from Eqs. (13) and (14) or from Eqs. (25) and (26).
Conclusions
The discoveries and conclusions are now summarized below:
(1) Material mismatch causes the existence of two distinct sets of orthogonal pure modes,
, and two sets of coincident orthogonal approximate pure modes, ( )
, which are in terms of the SIFs, I K and II K , and which are crack extension sizedependent or FEM mesh size-dependent. The total ERR G can be partitioned by using these pure modes. In general, for cracks on a bimaterial interface, there are four pairs of mathematically admissible SIFs, I K and II K , for a given loading condition. Only one pair, however, is mechanically admissible and it has been analytically determined.
(2) A brittle interface causes the existence of two distinct sets of orthogonal pure modes, The analytical theory will be verified in Part 2 [35] and further conclusions will be made there.
Appendix A
In Eqs. (45) and (46), 
Appendix B
With reference to Fig. 1a , the total ERR G of a bimaterial DCB with two crack tip bending 
Appendix D
The empirical coefficients ij S in the plane stress condition in Eqs. (61) and (62) 
